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Muller Circuits 

The infinite is the finite of every instant. 
-Zen Saying 

When I can’t handle events, I let them handle themselves. 
----Henry Ford 

Life is pleasant. Death is peaceful. It’s the transition that’s troublesome. 
-Isaac Asimov 

We are ready for any unforeseen event that may or may not occur. 
-Vice President Dan Quayle, g/22/90 

In this chapter we introduce the Muller school of thought to the synthesis of 
asynchronous circuits. &%Zler circuits are designed under the unbounded gate 
deEup model. Under this model, circuits are guaranteed to work regardless of 
gate delays, assuming that wire delays are negligible. Muller circuit design 
requires explicit knowledge of the behaviors allowed by the environment. It 
does not, however, put any restriction on the speed of the environment. 

The design of Muller circuits requires a somewhat different approach as 
compared with traditional sequential state machine design. Most synthe- 
sis methods for Muller circuits translate the higher-level specification into a 
state graph. Next, the state graph is examined to determine if a circuit can 
be generated using only the specified input and output signals. I f  two states 
are found that have the same values of inputs and outputs but lead through 
an output transition to different next states, no circuit can be produced di- 
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208 MULLER CIRCUITS 

rectly. In this case, either the protocol must be changed or new internal state 
signals must be added to the design. The method of determining the needed 
state variables is quite different from that used for Huffman circuits. Next, 
logic is derived using modified versions of the logic minimization procedures 
described earlier. The modifications needed are based upon the technology 
that is being used for implementation. Finally, the design must be mapped to 
gates in a given gate library. This last step requires a substantially modified 
technology mapping procedure as compared with traditional state machine 
synthesis met hods. 

We first give a formal definition of speed independence. Then we describe 
the “state assignment” method for Muller circuits. Finally, we describe logic 
minimization and technology mapping, respectively. 

6.1 FORMAL DEFINITION OF SPEED INDEPENDENCE 

In order to design a speed-independent circuit, it is necessary to have complete 
information about the behavior of both the circuit being designed and the 
environment. Therefore, we restrict our attention to complete circuits. A 
complete circuit C is defined by a finite set of states, S. At any time, C is 
said to be in one of these states. 

The behavior of a complete circuit is defined by the set of allowed sequences 
of states. Each allowed sequence can be either finite or infinite, and the set 
of allowed sequences can also be finite or infinite. For example, the sequence 

(Sl, s2, s3, l l 
. ) says that state si is followed by state ~2, but it does not state 

the time at which this state transition takes place. Therefore, in order to 
determine when a state transition takes place, it is necessary that consecutive 
states be different. In other words, for an allowed sequence (s 1, ~2, . . . ) , any 
pair of consecutive states si # si+r. Another property is that each state 

s E 5’ is the initial state of at least one allowed sequence. One can also derive 
additional allowed sequences from known ones. For example, if (s 1, ~2, ~3, 
. . . ) is an allowed sequence, then so is (~2, ~3, . . . ) . I f  (sr , ~2, . . . ) and (tl , 

t2, l .*) are allowed sequences and s2 = t 1, then (si , tl , t2, . . . ) is also an 
allowed sequence. 

Example 6.1.1 Consider a complete circuit composed of four states, 
S = {a, b, c, d}, which has th e o f  11 owing two allowed sequences: 

1. a, b,a, b,. . . 

2. a,c,d 

The sequences above imply that the following sequences are also al- 
lowed: 

1. b,a, b,a,. . . 

2. c, d 

3. d 
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Fig. 6.1 (a) Simple state diagram. (b) Partial order of its equivalence classes. 

4. a, b, a, c, d 

5. a, b, a, b, a, c, d 

6. b, a, c, d 

7. etc. 

A state diagram for this example is shown in Figure 6.1(a). 

TWO states si, sj E S are R-related (denoted SiRsj) when: 

1. Si=Sj Or 

2. si 7 sj appear as a consecutive pair of states in some allowed sequence. 

A sequence (si, ~2, . . . , sm) is an R-sequence if siRsi+ for each 1 5 i 2 m-l. 
A state si is followed by a state sj (denoted SiFsj) if there exists an R- 

sequence (Si , . . . , Sj ) . The F-relation is reflexive and transitive, but not 
necessarily symmetric. I f  two states si and sj are symmetric under the F- 
relation (i.e., si,TSj and sj,Tsi), they are said to be equivaZent (denoted SiEsj). 

The equivalence relation, &, partitions the finite set of states S of any 
circuit into equivalence classes of states. The F-relation can be extended to 
these equivalence classes. If  A and B are two equivalence classes, then AFB 
if there exist,s states a E A and b E B such that a.% Furthermore, if a is in 
the equivalence class A and b is in B and AFB, then a.% 

For any allowed sequence, there is a definite last class which is called the 
terminal class. A circuit C is speed independent with respect to a state s if all 
allowed sequences starting with s have the same terminal class. 

Example 6.1.2 The circuit from Figure 6.1(a) is partitioned into three 
equivalence classes: ,A = {a, b}, B = {c}, and C = {d}. Applying the 
extended F-relation to the equivalence classes, we get the following 
AFA, AFB, AFC, BFB, BFC, and C.E. This relation is depicted 
in Figure 6.1(b) without self-loops and transitive arcs. This circuit is 
not speed independent with respect to state a, since there exist allowed 
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sequences starting in a that end in terminal class A and others that end 
in terminal class C. However, this circuit is speed independent with 
respect to states c and d since all allowed sequences starting in these 
states end in terminal class C. 

Muller circuits are typically modeled using a state graph (SG) derived from 
a higher-level graphical model such as a STG or TEL structure as described 
in Chapter 4. We can reformulate the notion of allowed sequences on a state 
graph. An allowed sequence of states (sr , ~2, . . . ) is any sequence of states 
satisfying the following three conditions: 

1. No two consecutive states si and si+r are equal. 

2. For any state sj+r and signal ui, one of the following is true: 

Sj+1(i> = sj(i) 

sj+1 (i> = s;(i) 

3. If  there exists a signal ui and a state sj such that sj(i) = s,(i) and 
s;(i) = sk (i) for all So in the sequence following sj , then 

Sj(i) = S:(i) 

The second condition states that in an allowed sequence either a signal remains 
unchanged or changes to its implied value. The third condition states that 
if a signal is continuously excited to change, it eventually does change to its 
implied value. 

Example 6.1.3 A simple speed-independent circuit and corresponding 
state graph is shown in Figure 6.2. Note that all states are contained 
in a single equivalence class, making it speed-independent. 

6.1.1 Subclasses of Speed-Independent Circuits 

There are several useful subclasses of speed-independent circuits. First, a cir- 
cuit is totally sequential with respect to a state s if there is only one allowed 
sequence starting with s. Clearly, if there is only one allowed sequence start- 
ing with s, there can be only one terminal class which proves the following 
theorem. 

Theorem 6.1 (Muller, 1959) A circuit totally sequential with respect to s 
is also speed independent with respect to s. 

Example 6.1.4 A simple totally sequential circuit is shown in Fig- 
ure 6.3(a), and its state graph is shown in Figure 6.3(b). In its initial 
state, (OR), both IX: and y  are 0, but y’s implied value is 1. After y  rises, 
the system moves to state (Rl), where J: now has an implied value of 
1. After XT rises, the state is (IF). 
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Fig. 6.2 (a) Speed-independent circuit. (b) Its state graph with state vector (2, y, x). 

Fig. 6.3 (a) Totally sequential circuit. (b) Its state graph with state vector (2, y). 
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A circuit is semi-modular in a state si if in all states sj reached after one 
signal has transitioned, any other signals excited in si are still excited in sj. 
More formally: 

A circuit is semi-modular with respect to a state s if all states reachable from 
s are semi-modular. A totally sequential circuit is semi-modular, but the 
converse is not necessarily true. A circuit that is semi-modular with respect to 
a state s is also speed independent with respect to s, but again the converse is 
not necessarily true. These results are summarized in the following theorems. 

Theorem 6.2 (Muller, 1959) A circuit totally sequential with respect to s 
is also semi-modular with respect to s. 

Theorem 6.3 (Muller, 1959) A circuit semi-modular with respect to s is 
also speed independent with respect to s. 

Example 6.1.5 The circuit shown in Figure 6.2 is speed-independent, 
but it is not semi-modular. For example, in state (1RR) signals y  and x 
are both excited to rise, but after x rises, it goes to state (FOl), in which 
y  is no longer excited. Another simple circuit and its corresponding 
state graph are shown in Figure 6.4. This circuit is semi-modular with 
respect to each state in the state graph. 

Input transitions typically are allowed to be disabled by other input transi- 
tions, but output transitions are typically not allowed to be disabled. There- 
fore, another useful class of circuits are those which are output semi-modular. 
A SG is output semi-modular in a state si if only input signal transitions can 
disable other input signal transitions. More formally: 

Ml E To v Vt2 E T l (Si,tll Sj) E 6 A (Si,t2,Sk) E 6 

+ 3Sl E 5’ 9 (Sj, t2, Sl) E 6 A (Skltl, Sl) E 6 

where TO is the set of output transitions (i.e., TO = {u+, u - 1 u E 0)). 

Example 6.1.6 If and only if all signals in the circuit shown in Fig- 
ure 6.2 are inputs, then it is output semi-modular. 

6.1.2 Some Useful Definitions 

It is often useful to be able to determine in which states a signal is excited to 
rise or fall. The sets or excitation states, ES(u+) and ES(u-), provide this 
information and are defined as follows: 

ES( u+) = {s E s 1 s(u) = 0 Au E x(s)} 
ES(u-) = {s E s 1 s(u) = 1 Au E x(s)} 
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Fig. 6.4 (a) Semi-modular circuit. (b) State graph with state vector (z, y, z). 

Recall that X(s) is the set of signals that are excited in state s. 
For each signal u, there are two sets of stable, or quiescent, states. The 

sets QS(u+) and QS(u-) are defined as follows: 

QS(u+) = {s E s 1 s(u) = 1 Au # x(s)} 

QS(u- > = {sES~s(u)=OAu$i!X(s)} 

Example 6.1.7 Consider the SG shown in Figure 6.4. The signal y  
has the following four sets: 

ES(y+) = {(RW, (1W) 

WY-) = {(-q, ww 

QS(Y+) = {(fw, (1W) 

&S(Y-> = {(FW, (OOW 

An elccitation region for signal u is a maximally connected subset of either 
ES(u+) or ES(u-). If it is a subset of ES(u+), it is a set region, and it is 
denoted ER(u+, k) h w ere k indicates that it is the kth set region. Similarly, 

a reset region can be denoted ER(u-, k). 
The switching region for a transition u*, SR(u*, Ic), is the set of states 

directly reachable through transition u*: 

SR(u*, k) = {sj E S 1 3si E ER( u*, k).(Si, u*, Sj) f S} 

where “*” indicates either “+” for set regions or “-” for reset regions. 
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Example 6.1.8 Again consider the example SG shown in Figure 6.4. 
The signal y  has the following excitation and switching regions: 

Another interesting subclass of speed-independent circuits are those which 
have distributive state graphs. A state graph is distributive if each excitation 
region has a unique minimal state. A minimal state for an excitation region, 
ER(u*, k), is a state in ER(ua, k), which cannot be directly reached by any 
other state in ER(u*, k). More formally, a SG is distributive if 

VER(u*, k) . 3exactly one sj E ER(u*, c;> . 13si E ER(u*, k) . (Si, t, Sj) E 6 

Example 6.1.9 The circuit in Figure 6.2 is not distributive, since for 
ER(z+, 1) there exists two minimal states, (1RR) and (RlR). The 
circuit in Figure 6.4 is distributive. 

Each cube in the implementation is composed of trigger signals and context 
signals. For an excitation region, a trigger signal is a signal whose firing can 
cause the circuit to enter the excitation region. The set of trigger signals for 
an excitation region ER(u*, k) is 

TS(u*, k) = {V E N ( EIs~, Sj E S.((Si,tT Sj) E 6) A (t = v + V t = v-) 

A (si 4 ER(u*, k)) A (Sj E ER(u*, k))} 

Any nontrigger signal which is stable throughout an entire excitation region 
may be used as a context signal. The set of context signals for an excitation 
region ER(u*, k) is 

CS(w, k) = {vi E N ( vi 4 TS( u*, k) A ifsj, ~1 E ER(u*, k)+(i) = sl(i)} 

Example 6.1.10 Once again consider the example SG shown in Fig- 
ure 6.4. The excitation regions for signal y  have the following trigger 
and context signal sets: 

Wy+,l) = (4 

WY-J) = {z) 

WY+, 1) = {Y> 

WY-J) = {Y) 

Note that although the signal ZJ is rising in ER(y+, l), it is considered stable 
since once y  does rise the circuit has left the excitation region. Recall that 
a state labeled with an R is actually at the fixed logical value of 0, but it is 
excited to change. 
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Example 6.1.11 We conclude this section with a somewhat larger ex- 
ample. The SG for a passive/active wine shop is shown in Figure 6.5. 
The ES, QS, ER, SR, TS, and CS sets for the signal req-patron are 
shown below. 

ES(req-patron+) 

ES(req-patron-) 

QS(req-patron+) 

QS(req-patron-) 

ER (req-patron+, 1) 

ER (req-patron-, 1) 

SR (req-patron+, 1) 

SR (req-patron-, 1) 

TS(req-patron+, 1) 

TS(req-patron-, 1) 

CS(req-patron+ , 1) 

CS(req-patron-, 1) 

- - 

- - 

- - 

- - 

- - 
- - 
- - 

{(ROOR), (100R) 

{(RIOF), (1lOF) 

{(RROl), (1ROl) 

{(moo), (WOO) 

polo), (OOFO)} 

{ (ROOR) ) (lOOR) 

{(RlOF), (1lOF) 

{(RROl), (1ROl) 

{(RFOO), (woo) 

{ ack- wine} 

{ack-patron} 

(ROOO), (lORO), 

{ ack-patron, req-patron} 

{ ack wine, req-patron} 

6.2 COMPLETE STATE CODING 

Two states have unique state codes (USC) if they are labeled with different 
binary vectors. A SG has USC if all state pairs have USC. This is presented 
more formally below. 

USC(Si,Sj) @ XS(si) # XS(sj) 

USC(S) M V( Si,Sj) E S X S . USC(Si,Sj) 

Two states have complete state codes (CSC) if they either have USC or do not 
have USC but do have the same output signals excited in each state. A SG 
has CSC if all state pairs have CSC. This is presented more formally below. 

CsC(Si, Sj) H USC(si,sj) V X(Si) n O = x(sj) n O 

CSC(S) @ q Si, Sj) E S X S l CsC(si, sj) 

A set of state pairs which violate the CSC property is defined as 

CSCV(S) = {( Si, Sj) E S X s 1 l CSC(Si,Sj)} 

Example 6.2.1 Consider the state graph shown in Figure 6.5. The 
states (ROOO) and (ROOR) do not have USC since they share the same 
underlying state code (0000). Similarly, the states (IORO) and (IOOR) 
do not have USC. Recall that the output signals for this circuit are 
a&-wine and req-patron. Therefore, states (ROOO) and (ROOR) also do 
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not have CSC, since reqqatron is stable low in the first state and excited 
to rise in the second. Similarly, states (lOR0) and (lOOR) do not have 
CSC due to differences in output enablings. If  req-patron had been an 
input, the first pair would have satisfied,the CSC property. The second 
still would not, since ach.uine is only excited in the first state of the 
pair. 

When a SG does not have CSC, the implied value for some output signals 
cannot be determined by simply considering the values of the signal wires. 
This ambiguity leads to a state of confusion for the circuit. Note that if a SG 
does not have USC but has CSC, there is no problem since a circuit only needs 
to be synthesized for the output signals. To synthesize a circuit from a SG 
that does not have CSC, the specification must be modified. One possibility is 
to reshuffle the protocol as described in Chapter 3. In this section we describe 
a method for inserting state variables to solve the CSC problem. 

6.2.1 Transition Points and Insertion Points 

The insertion of a state signal into a circuit involves the addition of a rising 
and falling transition on the new signal. Transition points are a useful way of 
specifying where these transitions occur. A transition point is an ordered pair 
of sets of transitions, 7-F = (t,, it,>, where t, is a set of start transitions and 
t, is a set of end transitions. The transition point represents the location in 
the protocol in which a transition on a new state signal is to be inserted. In a 
graphical model such as a STG, each transition point represents a transition 
with incoming arcs from each of the transitions in t s and with outgoing arcs 
to the transitions in t,. An insertion point consists of an ordered pair of 
transition points, Ip = ( TPR, TPF) , where TPR is for the rising transition 
and TPF is for the falling transition. 

It is necessary to determine in which states a transition of a new state 
signal can occur when inserted into the circuit using a given TP. The signal 
transition becomes excited after all transitions in t, have occurred. Assume 
that t E t,; then we know that t has occurred when we enter the switching 
region for t. We know that all t E t, have occurred when we are in the 
switching region for each t. Therefore, the transition on the new state signal 
becomes excited when the circuit enters the intersection of all the switching 
regions for each transition in t, [i.e., ntEt, SR(t)]. The transition on this new 
signal is guaranteed to have completed before any transition in t, can occur. 
Therefore, once this transition becomes excited, it may remain excited in any 
subsequent states until a state is reached through a transition in t,. We can 
now recursively define the set of states in which a new transition inserted into 
TP is excited. 

S(TP) = {sj E S Is~ E &&R(t) V (3(si, t, sj) E 6.si E S(TP) A t 6 te)} 
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Example 6.2.2 Consider the state graph shown in Figure 6.5 with 
TP = ({ req-patron+}, { req_patron-}). SR( req_patron+) is (RROl) and 
(lR01), so S(TP) is seeded with these states. To find the rest of the 
states in S(TP), we follow state transitions from these states until 
req_lpatron- occurs. For example, ((RROl), ackputron+, (R1OF)) E 6, 
so (RlOF) is in S(TP). The transition ((lROl), uclc_putron+, (110F)) 
E 6, so (1lOF) is also in S(TP). However, the transitions leaving these 
two states involve req-patron-, so there are no more states in S(TP). 
In summary, S( { req-patron+}, { req-putron-}) is 

{(RROl), (MOl), (RlOF), (110F)) 

Theoretically, the set of all possible insertion points includes all combina- 
tions of transitions in t, and t, for the rising transition and all combinations 
of transitions in t, and t, for the falling transition. Thus, the upper bound on 
the number of possible insertion points is 21T1*. Fortunately, many of these 
insertion points can be quickly eliminated because they either never lead to a 
satisfactory solution of the CSC problem or the same solution is found using 
a different insertion point. 

A transition point must satisfy the following three restrictions: 

1. The start and end sets should be disjoint (i.e., t, n t, = s>. 

2. The end set should not include input transitions (i.e., ‘dt E t, . t # 7”). 

3. The start and end sets should include only concurrent transitions (i.e., 
k&t2 E t, . h II 62 and &, t2 E te l t1 II t2). 

The first requirement, that t, and t, be disjoint, simply eliminates unnecessary 
loops. The second requirement is necessary since the interface behavior is 
assumed to be fixed. In other words, we are not allowed to change the way 
the environment reacts to changes in output signals. In particular, if we 
allowed input transitions in t,, this would force the environment to delay an 
input transition until a state signal changes. The third requirement is that 
all transitions in t, and t, be mutually concurrent. A transition point which 
contains transitions that are not concurrent describes the same behavior (i.e., 
the same set of states where the new signal transition is excited) as a transition 
point that satisfies these requirements. 

Example 6.2.3 Again, consider the state graph shown in Figure 6.5. 
The transition point ({ req-patron+}, { req-putron+}) violates the first 
requirement, and it is clearly not useful as it implies that the new signal 
transition is excited in all states. The transition point ({req-patron+}, 
{a&-patron+}) violates the second requirement, and it would force 
uck-patron to wait to see the state signal change before it could rise. 
This would require the interface behavior to be changed, which is not al- 
lowed. The transition point ({ uck-wine-, req_patron+}, { req_putron-}) 
violates the third requirement since u&-wine- is not concurrent with 
but rather precedes req-patron+. This transition point implies the same 
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as ({ req-patron+}, { req_patron-}). 
Some of the legal transition points are given below. 

({ ackwine+} , { ack-wine- 

({ ackwine-} , {a&wine+ 

({ req-wine-} , { ackwine- 

set of states as ({ req-putron+}, { reqpatron-}). The transition point 
({ req-patron+}, { Ic_ UC wine+, req-patron-}) also violates the third re- 
quirement since req-patron- is not concurrent with ackwine+, but 
rather, precedes it. This transition point also implies the same states 

({ req-patron+} , 
({ ackpatron+} , 

({ req-wine+, req-patron-} , 

({ req-wine+, req-putron-} , 

({ req-wine+, ack-patron-} , 

req-patron-}) 

req-patron-}) 

ack- wine+}) 

a&- wine-}) 

a& wine+}) 

({ req-wine+, ad-patron-} { a&. wine-}) 

Once two legal and useful TPs have been found, they are combined into 
an insertion point IP = (~YR, ~YF) and checked for compatibility. Two 
transition points are incompatible when either of the following is true: 

TPR(t,) n TPF(ts) # @ 

TpR(t,) f-l TPF(k) # 0 

For a state graph to have consistent state assignment, a transition on a sig- 
nal must be followed by an opposite transition before another transition of 
the same type can occur. An incompatible insertion point always creates an 
inconsistent state assignment. 

Example 6.2.4 The transition points ( {a&-wine+}, { d-wine-} ) 

and ( { req-wine+, req-patron-}, {ad&wine-} ) would not form a com- 
patible insertion point since ad-wine- is in both TPR(t,) and TP&!,). 

6.2.2 State Graph Coloring 

After finding all compatible insertion points, the next step is to determine 
the effect of inserting a state variable into each insertion point. This could 
be determined simply by inserting the state signal and rederiving the SG. 
This approach is unnecessarily time consuming and may produce a SG with 
an inconsistent state assignment. To address both of these problems, the 
original SG is partitioned into four subpartitions, corresponding to the states 
in which the new signal is rising, falling, stable high, and stable low. 

Partitioning is accomplished by coloring each state in the original SG. First, 
all states in S(TPR) are colored as rising, which indicates that the state 
signal would be excited to rise in these states. The states in S(TPF) are 
colored as fulling. If  during the process of coloring falling states, a state is 
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found that has already been colored as rising, this insertion point leads to an 
inconsistent state assignment and must be discarded. Once both the rising 
and falling states have been colored, all states following those colored rising 
before reaching any colored falling are colored as high. Similarly, all states 
between those colored as falling and those colored as rising are colored as low. 
While coloring high or low, if a state to be colored is found to already have a 
color, then again the insertion point leads to an inconsistent state assignment. 

Example 6.2.5 Consider the insertion point 

IP( ({ ~e&patr0n+}, { req-patron-}), ({ a& wine-}, {a& wine+})) 

We would first color all states in S( { req-patron+}, {rep patron-}) which 
we found previously to be { (RROl), (IROl), (RlOF), (110.8’)) to be ris- 
ing. Next, we would color all states in S( { u&wine-}, {a& wine+}) 
to be falling. However, this would result in each of the following states 
{(RROl), (lROl), (RlOF), (110F)) t o b e colored both rising and falling. 
Therefore, this insertion point results in an inconsistent state assign- 
ment and is discarded. 

Example 6.2.6 Consider the insertion point 

IP(({uck-wine+}, {uckwine-}), ({req_putron+}, {reqqutron-})) 

Coloring the SG would result in the following partition: 

rising = { (FW 7 (O0-w 1 
fding = {(RROl), (lROl), (RlOF), (1lOF)) 

high = { (ROW? WOR) 1 
low = {(RFOO), (lFOO), (ROOO), (10RO)) 

This coloring is also shown in Figure 6.6. Notice that for this inser- 
tion point, the states (ROOO) and (10RO) are colored as low and states 
(ROOR) and (lOOR) are colored as high. This means that in the first 
two states the new state signal is stable low and in the last two states 
the new state signal is stable high. The result is that these states, which 
previously had a CSC violation, no longer have a CSC violation since 
the new state signal disambiguates them. 

6.2.3 Insertion Point Cost Function 

After partitioning the SG determines that an insertion point leads to a con- 
sistent state assignment, the next step is to determine if the insertion point 
found is better than one found previously. The primary component of the cost 
function is the number of CSC violations which would remain after a state 
signal is inserted into a given IP. The number of remaining CSC violations 
for a given IP is determined by eliminating from CSCV any pair of violations 
in which one state is colored high while the other is colored low. Next, states 
that previously had a USC violation may now have a CSC violation due to the 
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ack-wine+ 

req-wine- 

1 

ack-w ine- ack-w ine- 

t t 

ack-patron- 

Fig. 6.6 Colored state graph for the passive/active wine shop (statevector is (req- wine, 
ack-patron, a&-wine, req-patron)). 
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insertion of the state signal. In particular, for each pair of states with a USC 
violation (but not a CSC violation), if one is colored rising while the other 
is colored low, there is now a CSC violation since these states have different 
output enablings. Similarly, if one is colored falling and the other is colored 
high, there is also a new CSC violation. Each new CSC violation of the type 
just described must be added to the total remaining. 

When two IPs leave the same number of CSC violations, a secondary cost 
function must be used. Each additional criterion is considered in order until 
the tie is broken. One possible additional cost function is to select the IP 
with the smallest sum, I!ZY’R (te> 1 + 159’~ (&) 1, since it delays a smaller num- 
ber of other transitions. Another is to select the IP with the smallest sum, 

ITPR(ts)l + ITPF(ts)l, since fewer enabling signals leads to simpler circuits. 

6.2.4 State Signal Insertion 

Once a good insertion point has been selected, the next step is to insert 
the state signal into the SG. This can be accomplished either by adding the 
transition to the higher-level representation, such as a STG or TEL structure, 
or by expanding the SG. If the STG is to be modified, arcs are added from 
each transition in t, to the new state signal transition. Similarly, arcs are 
added from the new transition to each of the transitions in t,. The same 
steps are followed for the reverse transition of the state signal. An initial 
marking for the new arcs must also be determined that preserves liveness and 
safety of the STG. After both transitions have been added to the STG, the 
state signal is assigned an initial value based on the coloring of the initial 
state. If  the initial state is colored as high or falling, the initial value is high. 
Otherwise, the initial value is low. At this point, a new SG can be found. 

Example 6.2.7 Again consider the insertion point 

IP(({ack-wine+}, {ack-wine-}), ({reqqatron+}, {reppatron-})) 

The STG for this insertion point is shown in Figure 6.7. The state 
graph for this STG is shown in Figure 6.8, and it has CSC. 

Alternatively, the new SG can be found directly. Each state in the original 
state graph is extended to include one new signal value. If  a state is colored 
Eow, the new signal is ‘0’ in that state. If  a state is colored high, the new 
signal is ‘1’. I f  a state is colored rising, it must be split into two new states, 
one in which the new signal is ‘R’ and another in which the new signal is ‘1’. 
Similarly, if a state is colored falling, it must be split into two new states, 
where one has the new signal as ‘F’ and the other has it as ‘0’. 

Example 6.2.8 Compare the state graphs shown in Figures 6.6 and 
6.8. Notice that all states colored with a stable value, 0 or 1, appear 
in the new state graph simply extended with that new variable. In the 
case of states colored with an unstable value, R or F, must be split to 
show the change in the state variable. For example, the state (FOlO) is 
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Fig. 6.7 STG for the passive/active wine shop which has CSC. 

extended to (FOlOR) and a new state must be added in which the state 
signal changes, (FOlOl). For the state (OOFO), the enabling of a& wine 
must be removed in the extended state since it is in the end set and 
does not become enabled until after CSCU changes. Therefore, the new 
extended state becomes (OOlOR). A new state must also be added for 
after CSCU rises in which ack-wine is now enabled (i.e., (OOFOl)). The 
states for the falling of the state signal are expanded similarly. 

6.2.5 Algorithm for Solving CSC Violations 

The algorithm for solving CSC violations is shown in Figure 6.9. It first 
checks if there are any CSC violations. If  there are, it finds all legal transition 
points. Next, it considers each pair of transition points as a potential insertion 
point. For each legal insertion point, it colors the state graph. If  the colored 
state graph is consistent and the cost of this insertion point is better than 
the best found so far, it records it. Finally, it inserts the new signal into the 
best insertion point found. Often, the insertion of a single state signal is not 
sufficient to eliminate all CSC violations. Therefore, after deriving the new 
SG, it may be necessary to solve CSC violations in the new SG. It does this 
by calling the CSC solver recursively and adds an additional state signal. 

6.3 HAZARD-FREE LOGIC SYNTHESIS 

After generating a SG with CSC, we apply a modified logic minimization 
procedure to obtain a hazard-free logic implementation. The modifications 
necessary are dependent upon the assumed technology. In this section we 

describe the necessary modifications for three potential technologies: complex 

gates, generalized C-elements, and basic gates. We conclude this section with 
description of an extreme1 

e applied to an important 

.y efficient logic minimizati 
subclass of specifications. 

.on algorithm which can 
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e-wine+ 

ack-patron- 

Fig. 6.8 State graph for the passive/active wine shop with CSC (state vector is 
(req-wine, a&-patron, a&-wine, req-patron, CSCO>). 
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csc-solver (SG) { 
cscv = find-csc-violations(SG); 
if (1 CSCVI = 0) return SG; /* No CSC violations so return.*/ 
best = ICSCVl; 

bestIp = (8,s); /* Initialize best insertion point.*/ 
TP = find-all-transition-points(SG); 
foreach 77~ E TP 

foreach TPF E TP 
if IP- (TP R, TPF) is legal then { 

CSG = color-state-graph(SG, TPR,TPF); 
cscv = find-csc-violations(CSG); 
if (CSG is consistent) and ((ICSCVl < best) or 

UlcscvI = best) and (cost(P) < cost(bestp)))) then { 
best = ICSCVI ; 

bestIp = ( TPR, TPF) ; /* Record new best IP.*/ 

1 
) 

SG = insert-state-signal(SG,best&; 
SG = csc-solver (SG) ; /* Add more signals, if needed.*/ 
return SG ; 

Fig. 6.9 Algorithm for solving CSC violations. 

a - Complex 
Gate 

C 

b 

Fig. 6.10 Atomic gate model. 

6.3.1 Atomic Gate Implementation 

In the first synthesis method, we assume that each output is implemented 
using a single complex atom/k gate. A gate is atomic when its delay is modeled 
by a single delay element connected to its output as depicted in Figure 6.10. 

Using this model, after obtaining a SG with CSC, we can apply traditional 
logic minimization to find a logic implementation. The ON-set for a signal 
u is the set of all states in which u is either excited to rise [i.e., ES(u+)] or 
stable high [i.e., QS(u+)]. The OFF-set is the set of all states in which u is 
either excited to fall [i.e., ES(u-)] or stable low [i.e., QS(u-)]. The DC-set is 
the set of all unreachable states, or equivalently, those states not included in 
either the ON-set or OFF-set. In other words, the state space is partitioned 
for a signal u as follows: 

ON-set = {As(s) 1 s E (ES(u+) U QS(u+))} 

OFF-set = {b(s) I s E (ES(-) u QG-1)) 
DC-set = {O,l}‘N1 - (ON-set U OFF-set) 
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We apply the recursive prime generation procedure described earlier to find 
all prime implicants. Finally, we set up and solve a covering problem to find 
the minimum number of primes that covers the minterms in the ON-set. 

Example 6.3.1 Consider the SG with CSC shown in Figure 6.8. For 
the signal a&-wine, we would find the following sets: 

ON-set = {10000,10100,00100,10101} 

OFF-set = {00101,00001,10001,00011,10011,01011,00010, 

10010,01010,11010,01000,11000,11011,00000} 

DC-set = {00110,00111,01001,01100,01101,01110,01111, 

10110,10111,11001,11100,11101,11110,11111} 

The primes found for ad-wine are 

P - - {1-1--,-11--,--ll-,--l-o,-1-Ol,lO-00) 

The constraint matrix for ad-wine is shown below. 

l-l-- -ll-- --ii- --l-O -1-01 10-00 
10000 - - - - - 1 
10100 1 - - 1 - 1 
00100 - - - 1 - - 
10101 1 - - - - - 

The primes l-l--, --l-O, and lo-00 are essential and cover the entire 
ON-set. In a similar fashion, we can find the logic implementations for 
req-patron and CSCO. The final circuit is shown in Figure 6.11 (a). 

The circuit in Figure 6.11(a) is hazard-free if all the delay is modeled as 
being at the output of the final gate in each signal network (i.e., the output 
of the OR gates). Unfortunately, if this circuit is mapped to basic gates and 
the delays of these gates are considered individually, the implementation may 
be hazardous. Consider the sequence of states shown in Figure 6.11(b). After 
req-wine goes high, u2 goes high, causing at&wine to go high. Assume that 
the gate feeding u3 is slow to rise. At this point, if req-wine goes low, u2 could 
go low, causing a&-wine to become excited to fall. Now, if u3 finally rises, 
a&wine would become excited to rise. The result is a 1 -+ 0 + 1 glitch on 
the signal ack-wine. 

6.3.2 Generalized C-Element Implementation 

Another implementation strategy is to use generalized C-elements (gC) (see 
Figure 5.45). Using the gC approach, two minimization problems must now 
be solved for each signal u. The first implements the set of the function [i.e., 
set(u)], and the second implements the reset [i.e., reset(u)]. To implement 
set(u), the ON-set is only the states in which u is excited to rise. The OFF- 
set is again the states in which u is excited to fall or is stable low. The DC-set 
now includes the states in which u is stable high as well as the unreachable 
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Fig. 6.11 (a) Atomic gate implementation 
of states leading to a gate-level hazard. 
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ack-wine 

of the passive/active shop. (b) Sequence 

req-wine+ 

ack-wine+ 

req-wine- 

ack-wine- 

3 cares because once a gC is set, its 
state space as follows: i 

ON-set = M4 I s E uwu+)~ 

OFF-set = {AS(S) 1 s E (ES(u-) U QS(u-))} 

DC-set = (0, 1) INI - (ON-setu OFF-set) 

To implement reset(u), the ON-set is the set of states in which u is excited 
to fall, and the OFF-set is the set of states in which u is either rising or high. 
The DC-set includes both the unreachable states and the states in which u is 
low. In other words, the partition becomes 

ON-set = (xs(s) I s E WW~ 

OFF-set = {k(s) I s E (Es@+) u QS(u+))l 
DC-set = (0, l}lNl - (ON-setu OFF-set) 
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We can now apply standard methods to find a minimum number of 
implement the set and reset functions. 

primes to 

Example 6.3.2 Again consider the SG with CSC shown in Figure 6.8. 
For set( a&-wine), we would find the following sets: 

ON-set = (10000) 

OFF-set = {00101,00001,10001,00011,10011,01011,00010, 

10010,01010,11010,01000,11000,11011,00000} 

DC-set = {00110,00111,01001,01100,01101,01110,01111, 

10110,10111,11001,11100,11101,11110,11111, 

10100,00100,10101} 

The primes for a&wine are again found to be 

P = {l-1--,-ll--,--ll-,--l-o,-l-Ol,lO-00) 

Only one prime, however, is needed to cover the ON-set: 10-00. For the 
reset function, we also only need one prime O---l. In a similar fashion, 
we can find the logic implementations for the set and reset functions for 
req-patron and CSCO. The final gC circuit is shown in Figure 6.12. 

Consider the sequence of states shown again in Figure 6.12 (b) . Again, 
req-wine rising causes ack-wine to rise. After a&wine rises, req-wine is allowed 
to fall. There is no longer a potential for a hazard since the feedback in the 
gC implementation holds a&wine stable high until CSCO rises at which point 
a&wine is supposed to fall. 

When the set function for a signal u, set(u), is on in all states in which 
u should be rising or high, the state holding element can be removed. The 
implementation for u is simply equal to the logic for set(u). Similarly, if 
reset(u) is on in all states in which u should be falling or low, the signal 
u can be implemented with reset(u). This process is called combinational 
optimization. 

Example 6.3.3 Consider the SG shown in Figure 6.13(a). Using the 
generalized C-element implementation approach, we derive the circuit 
shown in Figure 6.13(b). The set of states in which signal d is rising 
or stable high is 110R and llR1 (note that in state lllF, signal d is 
excited to fall). The logic for the set function, a&, evaluates to 1 in 
both of these states. Therefore, there is no need for a state-holding 
device, so we can use the circuit shown in Figure 6.13(c) for signal d 
instead. 

If  we use AND gates (with inverted inputs) and C-elements instead of gCs 
to implement the circuit shown in Figure 6.12, it would still be hazard-free. 
In general, however, this is not the case. Consider the SG and circuit shown 
in Figure 6.13. If  we implement the circuit for signal c, using a two-input 
AND (with complemented first terminal), two-input OR, an inverter, and 
a C-element, this circuit is not hazard-free. Consider a sequence of states 
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Fig. 6.12 (a) G eneralized C-element implementation of passive/active shop. (b) Se- 
quence of states leading to a gate-level hazard for the atomic gate circuit. 
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Fig. 6.13 (a) SG for small example. (b) G eneralized C-element implementation. (c) 

Optimized combinational implementation of signal d. 
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Fig. 6.14 Standard C-implementation. 

beginning in state (FllO). Initially, signal e (the output of the two-input 
AND gate) is low, but after a goes low it becomes excited to rise. 
assume that this gate is slow and e does not rise im .mediately. Next, 

Let us 
b goes 

low, which disables e causing a hazard. The result can manifest in many ways. 
It may not cause any problem. It may cause c to fall slower. If  c starts to 
fall and the glitch on e propagates to g causing g to rise, then c may stop 
falling and actually be restored back to its high value by the feedback in the 
C-element. Finally, if c falls and a and b rise before the glitch on e propagates 
to g, the glitch could cause c to turn on prematurely (i.e., before d has risen). 

6.3.3 Standard C-Implementation 

To avoid the hazard concerns discussed above, we could modify our logic 
minimization procedure to produce a gate-level hazard-free implementation 
called a standard C-implementation. The general structure of the standard 
C-implementation is shown in Figure 6.14. While the structure is similar to 
the gC-implementation, the method in which it is designed is quite differ- 
ent. First, each region function [i.e., set(u+, k) or reset(u-, k)] implements a 
single (or possibly a set of) excitation region(s) for the signal u. In the gC- 
implementation, an excitation region can be implemented by multiple prod- 
uct terms. Second, each region function turns on only when it enters a state 
in its excitation region, turns off monotonically sometime after the signal u 
changes, and must stay off until the excitation region is entered again. To 
guarantee this behavior, each region function must satisfy certain correctness 
constraints, leading to a modified logic minimization procedure. 

Each region function is implemented using a single atomic gate, correspond- 
ing to a cotter of an excitation region. The cover of a set region C(u+, /G) [or 
a reset region C(u-, k)] is a set of states for which the corresponding region 
function in the implementation evaluates to one. While a single region func- 
tion can be used to implement multiple excitation regions, we first present 
a method in which each region function only implements a single excitation 

region. Later, we extend the method to allow gate sharing. 
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For a cover to produce a gate-level hazard-free implementation, it must 
sat,isfy certain correctness constraints. The idea behind these constraints is 
that each region function can only change when it is needed to actively drive 
the output signal to change. Consider a region function for a set region. This 
gate turns on when the circuit enters a state in the set region. When the 
region function changes to 1, it excites the OR gate, which in turn excites the 
C-element (assuming that the reset network is low) to set u to 1. Only after 
u has risen can the region function be excited to fall. The region function 
then must fall monotonically. The signal u will not be able to fall until the 
region function has fallen and the OR gate for the set network has fallen. 
Once the region function falls, it is not allowed to be excited again until the 
circuit again enters a state in the corresponding set region. To guarantee this 
behavior, a correct cover must satisfy a covering and an entrance constraint. 

First, a correct cover needs to satisfy a covering constraint which states that 
the reachable states in the cover must include the entire excitation region but 
must not include any states outside the union of the excitation region and 
associated quiescent states, that is, 

ER(u*, k) C - [c( u*, k) n S] c [ER(u*, k> U QS(u*)l 

Second, the cover of each excitation region must also satisfy an entrance con- 
straint which states that the cover must only be entered through excitation 
region states: 

[(Si,t, Sj) E 6 A Si # C( u*, k) A sj E C(U*, k)] + sj E ER(u*, k) 

As the following theorem states, if all covers satisfy these two constraints, the 
resulting standard C-implement at ion is correct. 

Theorem 6.4 (Beerel, 1998) I f f  or all outputs u E 0 all region function 
covers C(u*, k) satisfy the covering and entrance constraints the standard C- 
implementation is correct (i.e., complex-gate equivalent and hazard-free). 

The goal of logic minimization is now to find an optimal sum-of-products 
function for each region function that satisfies the definition of a correct cover 
given above. An implicant of an excitation region is a product that may 
be part of a correct cover. In other words, a product c is an implicant of 
an excitation region ER(u*, k) if the set of reachable states covered by c is 
a subset of the states in the union of the excitation region and associated 
quiescent states, that is, 

[c f-7 S] c [ER( u*/c, k) u QS(u*)I 
For each set region ER(u+, k), the ON-set is those states in ER(u+, k). 

The OFF-set includes not only the states in which u is falling or low, but 
also the states outside this excitation region where u is rising. This additional 
restriction is necessary to make sure that a region function can only turn on 
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in its excitation region, and it will not glitch on in another excitation region 
for the same signal. More formally, we partition the state space as follows: 

ON-set = {b(s) I s E (ER(u+,k)) 

OFF-set = {X,(s) 1 s E (ES(u-) U QS(u-)) U (ES(u+) - ER(u+,k))} 

DC-set = (0, l}lN1 - (ON-set U OFF-set) 

The ON-set, OFF-set, and DC-set for a reset region ER(u-, k) can be defined 
similarly: 

ON-set = {us I s E (ER(u+)l 

OFF-set = {As(s) 1 s E (ES(u+) u QS(u+)) u (ES(+) - ER(u-, k>>} 

DC-set = (0, 1} INI - (ON-set U OFF-set) 

The prime implicants can again be found using standard techniques. 

Example 6.3.4 Consider again the SG shown in Figure 6.13(a). There 
are two set regions for c: ER(c+, 1) = OlRO and ER(c+, 2) = 11Rl. 

Let’s examine the implementation of ER(c+, 1). For this excitation 
region, we find the following partition of the state space: 

ON-set = (0100) 

OFF-set = (0000, lOOO,OOlO, 1100,1101} 

DC-set = {0001,0011,0101,0110,0111, 

1001,1010,1011,1110,1111} 

The primes found are as follows: 

P - - 101 --) l-l-, -ll-,o--l,-o-1,--11} 

The entrance constraint creates a set of imphed states for each implicant c 
[denoted IS(c)]. A n implied state of an implicant c is a state that is not covered 
by c but due to the entrance constraint must be covered if the implicant is 
to be part of the cover. In other words, a state s is an implied state of an 

implicant c for the excitation region ER(u*, k) if it is not covered by c, and s 
is a predecessor of a state that is both covered by c and not in the excitation 
region. This means that the product c becomes excited in a quiescent state 
instead of an excitation region state. If  there does not exist some other product 
in the cover which contains this implied state, the cover violates the entrance 
constraint. More formally, the set of implied states for an implicant c is 
defined as follows: 

IS(c) = { si ( si $z c A 3sj . (si, t, sj) E 6 A (sj E C) A (sj $ ER(u*, k))} 

An implicant may have implied states that are outside the excitation region 
and the corresponding quiescent states. Therefore, these implied states may 
not be covered by any other implicant . I f  this implicant is the only prime 
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implicant which covers some excitation region state, the covering problem 
cannot be -solved using only prime implicants. 

Example 6.3.5 Consider the prime implicant Ol- - which is the only 
prime that covers the ON-set (i.e., the state OlRO). This implicant 
can be entered through the transition (FllO, a-,OF10). However, the 
state OF10 is not in ER(c+, 1). Therefore, this would be an entrance 
violation, so the state FllO is an implied state for this implicant. This 
state must be covered by some other prime in the cover to satisfy the 
entrance constraint. There are two primes that cover this state: l-l- 
and -11-. I f  we include either of these primes, the cover can be entered 
through the transition (llRl,c+, lllF), so 1lRl is an implied state 
for these two primes. However, the state 1lRl is in the OFF-set since 
it is part of another excitation region for c [i.e., ER(c+, 2)]. Therefore, 
we cannot include either of these primes in the cover, since we cannot 
cover their implied states. Therefore, no correct cover exists using only 
prime implicants. 

To address this problem, we must introduce the notion of candidate impli- 
cants. An implicant is a candidate implicant if there exists no other implicant 
which properly contains it and has a subset of the implied states. In other 
words, ci is a candidate implicant if there does not exist an implicant cj that 
satisfies the following two conditions: 

Prime implicants are always candidate implicants, but not all candidate impli- 
cants are prime. An optimal cover can always be found using only candidate 
implicants. 

Theorem 6.5 (Beerel, 1998) An optimal cover of a region function always 
exists and consists of only candidate implicunts. 

We find all candidate implicants using the algorithm in Figure 6.15. This 

algorithm is similar to the prime-computibles algorithm from Chapter 5. The 
only real differences are that it checks implied states instead of class sets and 
uses the function lit-extend (instead of muxahsets) to find all implicants with 
one more literal than the given prime. 

Example 6.3.6 Returning to our example, we would seed the list of 
candidate implicants with the primes found earlier. They are all of size 
2. Let us first consider Ol--. As stated earlier, the implied state for 
this prime is 8’110. Since there is an implied state, we must consider 
extending this prime with an additional literal. The implicant OlO- has 
no implied states, and it is a subset of no other candidate implicant 
with no implied states, so it is added to the list of candidate implicants. 
The implicants Oil- and OF10 have FllO as an implied state, so they 
are not candidate implicants. Finally, 0111 has no implied states, but 
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candidate-implicants (SG, P) { 
done = 0; /* Initialize already computed set.*/ 
for (Ic = IZargest(P)I;Ic > 1; Ic- -) { /* Loop largest to smallest.*/ 

foreach (q E P; (yl =B) enqueue(C,q) /* Queue all of size k.*/ 
foreach (c E C; ICI = Ic) { /* Consider candidates of size /c.*/ 

if (IS(SG, c) = 8) then continue /* I f  empty, skip.*/ 
foreach (s E lit_ezAend(c)) { /* Check extensions by 1 lit.*/ 

if (s E done) then continue /* I f  computed, skip.*/ 
l?s = IS(SG, s) /* Find extension's implied states.*/ 
prime = true /* Initialize prime as true.*/ 
foreach (q E C; IQ( 2 k) { /* Check larger candidates.*/ 

if (s c q) then { /* I f  contained in prime, check it.*/ 
ITS = IS(SG,q) /* Compute implied states.*/ 
if (r, > I’,) then { /* I f  smaller, not candidate.*/ 

prime = false; 
break 

if (prime = 1) then 
done = done U {s} 

return(C) ; 

enqueue(C,s) /* I f  prime, queue it . */ 
/* Mark as computed . */ 

/* Return candidate implicants.*/ 

Fig. 6.15 Algorithm to find candidate implicants. 

it is a subset of O--l which also has no implied states, so it is also not a 
candidate implicant. Next, we consider extending the prime l-l- since 
it has implied state 11Rl. The implicant lOl- has no implied states, so 
it is a candidate implicant. This is the last candidate implicant found, 
and the complete set of candidate implicants is: 

We can now formulate a covering problem by introducing a Boolean variable 
xi for each candidate implicant ci. The variable xi = 1 when the candidate 
implicant is included 
can construct a prod 

in the cover and 0 otherw ise. Using these 
uct-of-sums representation of the covering 

variables 

constraints. 
and entrance 

First, a covering clause is cons tructed for each state s i 
region. Each clause consists of a disj uric tion of candidate 

n the excit 
implicant s 

at ion 
that 

cover s. More formally, 
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To satisfy the covering clause for each state s in ER(u*, k), at least one xi 
must be set to 1. This means that for each excitation region state s, there 
must be an implicant chosen that includes it in the cover. The set of covering 
clauses for an excitation region guarantees that all excitation region states 
are covered. Since candidate implicants are not allowed to include states 
outside the excitation region and corresponding quiescent states, the cover is 
guaranteed to satisfy the covering constraint. 

Example 6.3.7 For our example there is only one excitation region 
state, OlRO, which is included only in candidate implicants cl (01--) 
and c2 (OlO-), so we get the following covering clause: 

(x1+22) 

For each candidate implicant ci, a &sure clause is constructed for each of 
its implied states s E IS(ci). Each closure clause represents an implication 
which states that if a candidate implicant is included in the cover, its implied 
states must also be included in some other implicant in the cover. This can 
be expressed formally as follows: 

ZgV V x.i 
j:sEcj 

The closure clauses ensure that the cover satisfies the entrance constraint. 

Example 6.3.8 The candidate implicant cl (01--) has implied state 
OFlO. This state is included in the implicants c3 (l-l-) and c5 (-ll-). 
Therefore, we get the following closure clause: 

(21+x3 +x5) 

The complete formulation is 

Our goal now is to find an assignment of the xi variables that satisfies the 

function with the minimum cost where the cost is the number of implicants. 
Since there are negated variables, the covering problem is binate. To solve the 

binate covering problem, we again construct a constraint matrix to represent 
the product-of-sums described above. The matrix has one row for each clause 
and one column for each candidate implicant. The rows can be divided into 
a covering section and a closure section, corresponding to the covering and 
closure clauses. In the covering section, for each excitation region state s, 
a row exists containing a 1 in every column, corresponding to a candidate 
implicant that includes s. In the closure section, for each implied state s 

of each candidate implicant ci, a row exists containing a 0 in the column 

corresponding to ci and a 1 in each column corresponding to a candidate 
implicant cj that covers the implied state s. 
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Fig. 6.16 (a) SG f  or small example. (b) Circuit found using basic gate approach. 

Example 6.3.9 The constraint matrix for ER(c+, 1) is depicted below. 

Ol-- OlO- l-l- 101- -11- O--l -0-l --11 
1 1 1 - - - - - - 

2 0 - 1 - 1 - - - 
3 - - 0 - - - - - 
4 - - - - 0 - - - 
5 - - - - - - - 0 

Rows 3, 4, and 5 are essential making the candidate implicants l- 

l-7 -11-, and - -11 unacceptable, so these rows and the corresponding 
columns must be removed to produce the following matrix: 

Ol-- OlO- lOl- O--l -0-l 
1 1 1 - - - 
2 0 - - - - 

Now, row 2 is essential making the implicant Ol- - unacceptable, result- 
ing in the following matrix: 

OIO- lOl- O--l -0-l 
1 1 - - - 

Now, row 1 is essential, making the implicant OlO- essential. Therefore, 
-- 

the cover includes only the implicant OIO- (i.e., abc). Note t.hat this 
matrix can only be solved by selecting an implicant that is not prime. 
The resulting circuit implementation is shown in Figure 6.16. Consider 
again the sequence of states that led to a hazard beginning in state 
FllO. When a falls, the signal e is not excited since c is high. Therefore, 
the hazard described earlier has been removed. 

Again, we can apply a combinational optimization to the result. For stan- 
dard C-implementations, we can remove the state-holding element when ei- 
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ther the set of covers for the set function for a signal u include all states 
where u is rising or high [i.e., Uk C(u+, k) 2 ES(u+) U QS(u+)], or the cov- 
ers for the reset function include all states where u is falling or low [i.e., 

Uk Ck? k) I, ES(u-)u QS(u-)]. 
Another optimization is to allow a single gate to implement multiple exci- 

tation regions. The procedure finds a gate that covers each excitation region 
using modified correctness constraints. The covering constraint is modified to 
allow the cover to include states from other excitation regions, that is, 

Efqu*, q c [C( u*,k) n S] 2 U ER(~*,I) u QS(W) 
1 1 

The entrance constraint 
from any corresponding 

An additional constraint is also now 
incl udes an entire excitation region 

must also be modified to allow the cover to be entered 
excitation region state: 

[(%A Sj) E 6 A si # C( u*, k) A sj E C(U*, k)] * S’ E U ER(u*, I> 

necessary t 0 
or none of it 

guarantee that a cover either 

ER(u*,l) sz c( u*,k) --i ER(u*,l) n C(U*,~) = 8 

Example 6.3.10 Consider the state graph shown in Figure 6.17(a). 

The signal c has two set regions: ER(c+, 1) = 1OR and ER(c+, 2) = 

HR. Using the earlier constraints, the primes are found to be 

P(c+, 1) = {lo-, l-l, -11} 

P(c+, a> = {11-J-1,-11} 

The cover for ER(c+, 1) is the prime lo-, since it covers the excitation 

region state 10R and has no implied states. For ER(c+, 2), the prime 
11- has implied state FRI. This implied state can be covered by l-l, 
but this prime has implied state 10R which is in the offset. Therefore, 
the prime ll- must be expanded to 110 which is the final solution. 

Therefore, the set function for c is ab + abE [see Figure 6.17(b)]. 
Using the new constraints that allow gate sharing, the primes are 

now found to be 

P(c+, 1) = {l--,-11} 

P(c+, 2) = { 1--, -11} 

With the new entrance constraint, a transition is allowed to enter a 

prime through any excitation region state. Therefore, the prime l-- 
has no implied states and is a minimal cover. Therefore, using the new 
constraints, the set function for c is simply a [see Figure 6.17(c)]. 
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Fig. 6.17 (a) SG for gate-sharing example. (b) Original circuit without gate sharing. 
(c) Final circuit with gate sharing. 

6.3.4 The Single-Cube Algorithm 

The foregoing algorithms for logic minimization are often more general than 
necessary since many region functions can be implemented with a single prod- 
uct, or cube. This subsection presents a more efficient algorithm, shown in 
Figure 6.18, that finds an optimal single-cube cover, if one exists. 

For a single-cube cover to hazard-freely implement a region function, all 
literals in the cube must correspond to signals that are stable throughout 
the excitation region. Otherwise, the single-cube cover would not cover all 

excitation region states. When a single-cube cover exists, an excitation region 
ER(u*, k) can be sufficiently approximated using an excitation cube [denoted 
EC(u*, k)] which is the supercube of the states in the excitation region and 
is defined on each signal 21 as follows: 

{ 

0 if Vs E ER(u*, lc) . s(v) = 0 
EC(u*, k)(v) = 1 if Vs E ER(u*, k) . s(v) = 1 

- otherwise 

If a signal has a value of 0 or 1 in the excitation cube, the signal can be used in 
the cube implementing the region. The set of states implicitly represented by 
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single-cube( SG , technology) { 
foreach u E 0 { /* Consider each output signal.*/ 

EC =f ind-excitation-cubes (SG) ; 
foreach EC(u*, k) E EC { /* Find cover for each EC. */ 

TC(u*, k) =f ind-trigger-cube(SG, EC(u*, k)) ; 
CS(u*, k) =f ind-context-signals(SG, EC(u*, k), TC(u*, k)) ; 
V(u*, k) =find-violations(SG, EC(u*, k), TC(u*, k) ,technology) ; 
CC =build-cover-table(CS(u*, k), V(u*, k)) ; 
C(u*, k) =solve-cover-table (CC, TC(u*, k)) ; 

solution(u) = optimize-logic (C) ; /* Combo opt, gate sharing.*/ 

return sohtion ; 

Fig. 6.18 Single-cube algorithm. 

the excitation cube is always a superset of the set of excitation region states 
[i.e., EC(u*, k) 2 ER(u*, k)]. 

The set of trigger signals for an excitation region ER(u*, k) can also be 
represented with a cube called a trigger cube TC(u*, v), defined as follows for 
each signal v: 

Sj(V) I f  3(Si, t, Sj) E 6 l ( t  = V + V t = V-) A 
TC(u*, k)(v) = (si $ EC(U*, k)) A (Sj E EC(u*, k)) 

- otherwise 

The single-cube algorithm requires the cover of each excitation region to con- 
tain all its trigger signals [i.e., C(u*, Ic) C TC(u*, k)]. Since only stable signals - 
can be included, a necessary condition for our algorithm to produce an im- 
plementation is that all trigger signals be stable [i.e., EC(u*, k) C TC(ua, k)]. 

The excitation cubes and trigger cubes are easily found with a single pass 
through the SG. For each excitation region, an excitation cube is built by 
forming the supercube over all states in the excitation region. The trigger 
cube is built, by finding each signal that takes the circuit into the excitation 
cube. 

Example 6.3.11 The excitation cubes and trigger cubes correspond- 
ing to all the excitation regions in the example SC3 in Figure 6.13(a) are 
shown in Table 6.1. Notice that every trigger signal is stable and our 
algorithm proceeds to find the optimal single-cube cover. 

The goal of the single-cube algorithm is to find a cube C(u*, Ic) where 
EC(u*,k) C C(w,k) C - - TC( u*, k) such that it satisfies the required correct- 
ness constraints for the given technology. The cube should also be maximal 
(i.e., cover as many states as possible). The single-cube algorithm begins with 
a cube consisting only of the trigger signals [i.e., C(u*, k) = TC(u*, k)]. If 
this cover contains no states that violate the required correctness constraints, 
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Table 6.1 Excitation and trigger cubes with cube vector (a, b, c, d). 

IL*, k EC(u*, k) TC(u*, Ii) 

c+, 1 0100 -I-- 

c+J 1101 --- 1 
c-, 1 0010 -O-- 
d+,l 1100 -I-- 

d-,1 1111 -- l- 

we are done. This, however, is often not the case, and context signals must be 
added to the cube to remove any violating states. For each violation detected, 
the procedure determines the choices of context signals which would exclude 
the violating state. Finding the smallest set of context signals to resolve all 
violations is a covering problem. 

If the implementation technology is generalized C-elements, then for a set 
region a state is a violating state when the trigger cube intersects a set of 
states where the signal is falling or stable low. Similarly, for a reset region, 
a state is a violating state when the trigger cube intersects the set of states 
where it is rising or stable high. More formally, the sets of violating states 
are defined as follows: 

V(uf, k> = {s E S ( s E TC(u+, k) A s f ES(e) u QS(u-)} 
q-7 q = {s E s ( s E TC(u-, k) A s E ES(u+) u QS(u+)} 

Example 6.3.12 Returning again to our example, the trigger cube 
for ER(c+, 1) is -I--, which includes the reachable states OlRO, OFlO, 
FllO, lllF, llR1, and 110R. The only violating state is 110R since it 
is in QS(c-). For ER(c+, 2), ER(c-, l), and ER(d-, l), there are no 
violating states. The trigger cube for ER(d+, 1) is -l--, which illegally 
intersects the states lllF, FllO, 08’10, and OlRO. 

The next thing we need to do is determine which context signals remove 
these violating states. A signal is allowed to be a context signal if it is stable 
in the excitation cube [i.e., EC(u*, k)(v) = 0 or EC(u*, k)(v) = 11. A context 
signal removes a violating state when it has a different value in the excitation 
cube and the violating state. In other words, a context signal v  removes a 
violating state s when EC(u*, k)(z~) = s(u). 

Example 6.3.13 Consider first the violating state 110R for IGI(c+, 1). 
The only possible context signal is a, which is 0 in the excitation cube 
and 1 in the violating state. Therefore, we must reduce the cover to 
01-- to remove this violating state. For ER(d+, l), the violating state 
111F can be removed using either context signals c or d, FllO can be 
removed with c, OF10 can be removed with a or c, and finally, OlRO 
can be removed with a. 
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In order to select the minimum number of context signals, to remove all the 

violatingstates, we need to set up a covering problem. The constraint matrix 
for the covering problem has a row for each violating state and a column for 
each context signal. 

Example 6.3.14 The constraint matrix for ER($+, 1) is shown below. 

a c d 
1llF - 1 1 
FllO - 1 - 
OF10 1 1 - 
OlRO 1 - - 

The context signals a and c are essential and solve the entire matrix. 
This means that the implementation for the set function for d is ab?. 
The final circuit implementation is shown in Figure 6.13(b). Again, the 
combinational optimization can be applied to obtain the circuit shown 
in Figure 6.13(c) for signal d. 

To produce a standard C-implementation, we must use the covering and 
entrance constraints. First, for each excitation cube, EC@*, k), the procedure 
finds all states in the initial cover [i.e., TC(u*, k)] which violate the covering 
constraint. In other words, a state s in TC(u*, k) is a violating state if the 
signal u is excited in the opposite direction, is stable at the opposite value, or 
is excited in the same direction but the state is not in the current excitation 
region. The set of covering violations, CV(ua, k), can be defined more formally 
as follows: 

CV(u+, k) = {s E S ( s E TC(u+, k) A s E ES(e) u QS(u-) 

u (ES(u+) - EC(u+,k))} 

CV(u-, k) = {sESISETC( u--, k) A s E ES(u+) u QS(u+) 

u (ES(u-) - EC(u-, Ii))} 

Example 6.3.15 With this modification, for EC(c+, l), in addition 
to the state llOR, the state 1lRl is also a violating state since it is 
in the other set region. The sets of violating states for EC(c+, 2), 
EC(c-, l), and EC(d-, 1) are still empty, and the set of violating states 
for EC( d+, 1) is unchanged. 

Next, all state transitions which either violate or may violate the entrance 
constraint must be found. For each state transition (si, zf*, sj), this is possible 
when sj is a quiescent state, sj is in the initial cover, and z1 excludes si. The 
set of entrance violations, E V(u*, k), can be defined more formally as follows: 

EV(u+, k) = {sj E S ( (S~,V*, Sj) E 6 A Sj E QS(U+) A sj E TC(U+, k) 

A EC(u+, k)(V) = S,(V) 

EV(u-, k) = {sj E S ( (Si,v*,Sj) E 6ASj E QS(u-)ASj E TC(u-,k) 

A EC(u-, k)(V) = S,(V) 
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When a potential entrance violation is detected, a context signal must be 
added which excludes sj from the cover when v  is included in the cover. 
Therefore, if v  is a trigger signal, the state sj is a violating state. If  v  is a 
possible context signal choice, sj becomes a violating state when v  is included 
in the cover. 

Example 6.3.16 Let’s consider EC(c+, 1) again. The state transition 
(FllO, a-, OFlO) is a potential entrance violation since OF10 is in 
QS(c+), OF10 is in TC(c+, l), and the signal a excludes the state FllO 
from the cover. Therefore, the state OF10 is a violating state when a is 
included in the cover. Similarly, the state transition (lllF, d-, FllO) 
becomes an entrance violation when d is included as a context signal. 
For EC@-, l), the state transition (OlRO, c+, OFlO) is a potential en- 
trance violation, and since c is a trigger signal, OF10 is a violating state. 

Again, to select the minimum number of context signals, we have a covering 
problem. Since inclusion of certain context signals causes some states to 
have entrance violations, the covering problem is binate. To solve this binate 
covering problem, we create a constraint matrix for each region. There is 
a row in the constraint matrix for each violation and each violation that 
could potentially arise from a context signal choice, and there is a column 
for each context signal. The entry in the matrix contains a 1 if the context 
signal excludes the violating state. An entry in the matrix contains a 0 if the 
inclusion of the context signal would require a new violation to be resolved. 

Example 6.3.17 The constraint matrix for EC(c+, 1) is shown below. 

a c d 
110R 1 - - 
llR1 1 - 1 
OF10 0 1 - 
FllO 1 1 0 

The context signal a is essential, so it must be in the cover. Selecting a, 
however, causes the state OF10 to become a violating state. To exclude 
this state, the signal c must be added as an additional context signal. 
Therefore, the implementation of EC(c+, 1) is ?i&. The standard C- 
implementation is shown in Figure 6.16(b). 

I f  a violation is detected for which there is no context signal to resolve it, 
the constraint matrix construction fails. In this case, or if a trigger signal is 
not stable, we must either constrain concurrency, add state variables, or use 
the more general algorithm described earlier to find a circuit. We conclude 
this section with a few examples to show how these situations appear. 

Example 6.3.18 First, consider ER(x+, 1) for the nondistributive SG 
shown in Figure 6.19. The excitation cube for this region would be --0 

and the trigger cube would be ll-. Clearly, the trigger signals are not 
stable in the excitation region, so no single-cube cover exists. 

In general, 
state graphs. 

the single-cube algorithm cannot be applied to nondistributive 
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Fig. 6.19 Nondistributive SG [state vector (z, y, x)]. 

Example 6.3.19 As a second example, consider ER(w-, 1) for the SG 

in Figure 6.20(a). The excitation cube is lo-- and the trigger cube is 
--0-. Again, we find that the trigger signal is not stable in the excitation 

region, so no single-cube cover exists. If we remove the offending state 
FOlO, we obtain the SG in Figure 6.20(b). The signal w can now be 

implemented with a single cube, but there is a problem with z. Consider 
ER(z+, 1) which has excitation cube 00-- and trigger cube 0---. There 

is no problem with the trigger signal. The state Roll is a violating state 

since it is included in the trigger cube and J: is stable low. There is, 
however, no possible context signal which can be added to remove this 

violating state. Therefore, again there is no single-cube cover. 

6.4 HAZARD-FREE DECOMPOSITION 

The synthesis method described in Section 6.3.4 puts no restrictions on the 
size of the gates needed to implement the region functions. In all technologies, 
however, there is some limitation on the number of inputs that a gate can have. 
For example, in CMOS, it is typically not prudent to put more than four 
transistors in series, as it significantly degrades performance. Furthermore, 
large transistor stacks can have charge-sharing problems. These problems are 
especially dangerous in generalized C-elements, where excess charge can lead 
to the gate latching an incorrect value. Therefore, it is often necessary to 
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Fig. 6.20 (a) SG with an unstable trigger signal (state vector (w, ~,y, 2)). (b) SG 
with an unresolvable violation (state vector (w, X, y, z)). 

decompose high-fanin gates into limited-fanin gates found in the given gate 
library. For Huffman circuits, decomposition of high-fanin gates can be done 
in an arbitrary fashion, preserving hazard freedom (if it existed in the original 
circuit). Unfortunately, this problem is much more difficult for Muller circuits. 

Example 6.4.1 Let us assume that we have a library of gates which 
allows no more than two inputs per gate. Therefore, for the circuit 
shown in Figure 6.13(c), we would need to decompose the three-input 
AND gate into two two-input AND gates. Two possible ways of de- 
composing this gate are shown in Figure 6.21(b) and (c). Consider first 
the circuit shown in Figure 6.21(b). In state (FllO), inputs a, b, c, and 
internal signal e are high while d is low. After a falls, we move to state 
(OFlO), and e becomes excited to go low. However, let us assume that 
the AND-gate generating signal e is slow. Next, b falls, moving us to 
state (OOFO). If  at this point c falls before e falls, d can become excited 
to rise prematurely. The result is that there is a hazard on the signal 
d, and there is a potential for a circuit failure. 

Next, consider the circuit shown in Figure 6.21(c), beginning in state 
(FllO). This time e begins low, and it does not become excited to 
change until after a falls, b falls, c falls, and a rises again. At this point, 
however, b is already low, which maintains d in its low state until b rises 
again. In fact, there is no sequence of transitions that can cause this 
circuit to experience a hazard. 
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Fig. 6.21 (a) SG f  or example. (b) Hazardous and (c) hazard-free decomposition. 

This example illustrates the need for special care during decomposition to 
guarantee a hazard-free implementation. Essentially, we need to find a new 
internal signal which can be added to produce a simpler circuit. Therefore, 
in this section we present a simple technique for finding hazard-free decom- 
positions which is similar to the insertion point procedure described earlier to 
solve CSC violations. 

6.4.1 Insertion Points Revisited 

Let us analyze the circuits in Figure 6.21 using the idea of insertion points. 
For the hazard-free circuit shown in Figure 6.21(c), the transition point to set 
the new signal e is ({a+}; {d+)). Th is means that e is rising in the states 
(1000) and (llOR), but it is guaranteed to have risen before d can rise. In 
other words, d rising acknowledges that e has risen. The transition point to 
reset the new signal is ({c+}, {d-}). Th is means that e is falling only in state 
(11 lF), and it is guaranteed to have fallen before d can fall. Therefore, again d 
changing acknowledges the change on e. The fact that changes on this internal 
signal are acknowledged by primary output changes is what guarantees hazard 
freedom. 

Now consider the hazardous circuit shown in Figure 6.21(b). The transition 
point to set e is ({b+}, {d+}), so it is changing only in state (1lOR). This 
means that again d rising acknowledges that e has risen. The transition point 
for e to fall has a start set of {a-}, but it has no end set. There is no 

transition that is prevented from occurring until e has fallen. It is this lack 
of acknowledgment that leads to the hazard described previously. One could 

consider using b- in an end set, but this is an input signal, and we are not 
allowed to change the interface behavior. If, instead, we use c- as an end set, 

we just move the problem, as e now requires a three-input gate. 
Again, we have a large number of potential insertion points which need 

to be filtered. The filters discussed for CSC violations still apply. Due to 



246 MULL ER CIRCUITS 

the nature of the decomposition problem, however, there are some additional the nature of the decomposition problem, however, there are some additional 
restrictions that can be used. restrictions that can be used. 

Consider the decomposition of a cover, C(u*, k), which is composed of a Consider the decomposition of a cover, C(u*, k), which is composed of a 
single cube, or AND gate. For the new signal to be useful to decompose this single cube, or AND gate. For the new signal to be useful to decompose this 
gate, either its set or reset function must be composed of signals in the original gate, either its set or reset function must be composed of signals in the original 
AND gate. Therefore, we can restrict the start set for one of the transition AND gate. Therefore, we can restrict the start set for one of the transition 
points to transitions on just those signals in the gate being decomposed. We points to transitions on just those signals in the gate being decomposed. We 
also know that this original gate is composed of trigger and context signals. also know that this original gate is composed of trigger and context signals. 
By their definition, context signals always change before trigger signals, so By their definition, context signals always change before trigger signals, so 
they are not concurrent with the trigger signals. Therefore, we only need to they are not concurrent with the trigger signals. Therefore, we only need to 
consider start sets which include either trigger or context signals from the consider start sets which include either trigger or context signals from the 
original gate, but not both. We need to consider all possible combinations original gate, but not both. We need to consider all possible combinations 
of the trigger signals as potential start sets, but we only need to consider of the trigger signals as potential start sets, but we only need to consider 
concurrent subsets of the context signals as potential start sets. Finally, since concurrent subsets of the context signals as potential start sets. Finally, since 
this new signal transition must complete before u* can be excited, we only this new signal transition must complete before u* can be excited, we only 
need to consider transitions that occur after those in the start set and before need to consider transitions that occur after those in the start set and before 
u* as potential candidates to be in the end set. u* as potential candidates to be in the end set. 

I f  both the cover of a set region and a reset region of u must be decom- If both the cover of a set region and a reset region of u must be decom- 
posed, the same restrictions on a transition point can be used for the reverse posed, the same restrictions on a transition point can be used for the reverse 
transition on the new signal. transition on the new signal. If, however, the new signal is not needed to If, however, the new signal is not needed to 
decompose both a set and reset region, there is a little more flexibility in the decompose both a set and reset region, there is a little more flexibility in the 
start and end sets. First, the start set should include concurrent transitions start and end sets. First, the start set should include concurrent transitions 
which occur after u* and before any transitions in the first start set. Including which occur after u* and before any transitions in the first start set. Including 
the reverse transition of u* in the end set is often useful, but any transition the reverse transition of u* in the end set is often useful, but any transition 
after u* could potentially be used in the end set. after u* could potentially be used in the end set. 

6.4.2 Algorithm for Hazard-Free Decomposition 

The complete algorithm for hazard-free decomposition is shown in Figure 6.22. 
This algorithm takes a SG and an initial design. It then finds all gates which 
have a fanin larger than the maximum allowed size. If  there are none, the 
algorithm returns the current design. Otherwise, it records the current design 
as the best found so far, and it finds all transition points which can be used 
to decompose the high-fanin gates. It then considers each insertion point in 
turn. If  the state graph colored using a legal insertion point is consistent, it 
inserts the new signal and resynthesizes the design. If  the resulting design has 
less high-fanin gates or has a lower cost, it is recorded. Again, a single state 
signal may not decompose all high-fanin gates, so this algorithm recursively 
calls itself to add more signals until all high-fanin gates have been decomposed. 
This algorithm is illustrated using the following example. 

Example 6.4.2 Consider the SG shown in Figure 6.8 and its circuit 
implementation shown in Figure 6.12(a). Let us assume that we are 
only allowed gates with at most three inputs. Therefore, we need to de- 
compose the four-input AND gate used to implement the set region for 
a&-wine. For this cover, the trigger signals are req-wine and ackpatron, 
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decomposition (SG , design, maxsize) { 
HF = f  ind-high-f anin-gat es ( design , maxsixe > ; 
if (1~~1 = 0) return design ; /* No high-fanin gates, return.*/ 
best = 1~~1; 
bestrp = design; /* Initialize best found.*/ 
TP = find-all-transition-points (SG , design, HF) ; 

foreach TPR E TP 
foreach TPF E TP 

if IP = ( TPR, TP& is legal then { 
CSG = color-state-graph(%) TPR, TPF) ; 

if (CSG is consistent) then { 
SG’ = insert-state-signal(SG, IP> ; 
design = synthesis (SG’) ; /* Find new circuit.*/ 
HF = find-high-f anin-gates (design, maxsize) ; 

if ((lHF( < best) or ((1~~1 = best) and 
(cost(design> < cost(best&>>> then { 
best = (HFI; 
bestIp = design; 

design = decomposition (SG , design) ; /* Add more signals.*/ 
return design ; 

Fig. 6.22 Algorithm for decomposing high-fanin gates. 

and the context signals are req-patron and CSCO. We would like the new 
gate to be off the critical path, so we first attempt to implement it using 
context signals. The transition CSCO- always precedes req-patron-, so 
these two transitions cannot be included in the same start set. There- 
fore, there are only two possible transition points using context signals: 

({ CSCU-}, {uckwine+}) 

({ req-patron-}, { uck wine+}) 

I f  we need to use the trigger 
transition points to consider: 

signals instead, there are three possible 

({ req- wine+}, { a&- wine+}) 

({ uckputron-} , { uck wine+}) 

({ req-wine+, u&-patron-}, {u&wine+}) 

Next, we need to consider the transition points for the reverse tran- 
sition of the new signal. We would like to insert the reverse transition 
somewhere between u&wine+ and uck-wine-, so we restrict our at- 
tention to transitions between them. In other words, the start and end 
sets are only made up of the following transitions: uckwine+, CSCO+, 

req-wine-, and u&wine-. Consider first using u&-wine+ in the start 
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set. I f  we do this, no other transition can be in the start set, since all of 
the other choices occur after c&-wine+. Of the remaining transitions, 
the end set cannot include req-wine-, since it is an input transition. 
Therefore, there are two possible transition points: 

({ ack-wine+}, { CSCO+}) 

({ uckwine+}, {ad-wine-}) 

I f  we use CSCO+ in the start set, its end set must be c&-wine-, since 
req-wine is an input. I f  we use req-wine- in the start set, either CSCO+ 
or uckwine- can be in the end set. Finally, since CSCO+ and req-wine- 
change concurrently, they can appear in the start set together. In this 
case, the end set must be u&-wine-. Therefore, we have the following 
transition points: 

({ CSCO+}, { uckwine-}) 

({ req-wine-}, { CSCO+}) 

({ req-wine-}, { uck-wine-}) 

({ CSCU+, req-wine-}, { a& wine-}) 

Now that we have enumerated all the transition points, the next step 
is to form insertion points out of combinations. We again color the 
graph to determine if the insertion point leads to a consistent state 
assignment. We should also check if any USC violations become CSC 
violations as a result of the signal insertion. If  neither of these problems 
arise, we need to further check the insertion point by deriving a new 
state graph and synthesizing the circuit. I f  the new circuit meets the 
fanin 
insert 

constraints, 
,ion point. 

the insertion point is accepted. If  not, we try the next 

For our example, we must select the following transition point for one 
transition of the new signal: 

({ req-patron-}, { a& wine+}) 

However, we are free to select any of the reverse transition points to meet 
the gate size of 3 constraint. An example circuit is shown in Figure 6.23 
using the following transition point for the reverse transition: 

({ ukwine+}, { uck-wine-}) 

6.5 LIMITATIONS OF SPEED-INDEPENDENT DESIGN 

The circuit shown in Figure 6.23 requires several gates with inverted inputs. 
If  the bubble on the ackpatron input to the set AND gate for a&wine is 
removed and replaced with an inverter, the circuit is no longer hazard-free. 
Consider the state of the circuit just after ack-wirhe has gone low and before 
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Fig. 6.23 Passive/active wine shop using gates with a maximum stack size of 3. 

ack-wine 

req-patron 

req-patron has gone high. In this state CSCU is high, so req-patron can go 
high followed by ack-patron going high. This enables this new inverter to go 
low. In the meantime, CSCU can go low, followed by req-patron going low, 
and finally, u&-patron can go low, resulting in the inverter being disabled. 
In other words, this sequence would result in a hazard at the output of this 
new inverter. Clearly, this long sequence of events is highly unlikely to be 
faster than the switching time of an inverter. However, under the speed- 
independent delay model, this sequence must be considered to be possible. If  
timing information is known, however, it may be possible to determine that 
such a hazard is impossible. This is the subject of the next chapter. 

6.6 SOURCES 

Speed-independent switching circuit theory originated with Muller and Bartky 
[277, 278, 2791. Perhaps, the best description of Muller’s work is in Volume 
II of Miller’s textbook on switching theory [272]. The definition of speed 
independence given in Section 6.1 follows that given in [272, 2791. Several of 
the concepts and examples in Section 6.1 came from this early work [272, 2791. 
Many of the definitions, however, have been tuned to fit the speed-independent 
design methods described in the following sections. A method for efficient 
identification of speed-independent circuits is given by Kishinevsky et al. [202]. 

Similar to the speed-independent model is the self-timed model proposed 
by Seitz [345, 3471. In this model, wires in equipotentiul regions are assumed to 
have zero delay. The length of these wires must be short enough that a change 
on one end can be perceived at the other end in less than the transit time of an 
electron through a transistor. I f  delay elements are added to all wires which 
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are not in an equipotential regions, this model is reduced to essentially the 
speed-independent model. 

The complete state coding problem and a method to solve it was first de- 
scribed by Bartky [24]. The method for solving the CSC problem described 
in Section 6.2 follows the work of Krieger [211]. The idea of coloring the state 
graph originated with Vanbekbergen et al. [391]. This work often produced 
inefficient circuits since it allowed the state graph to be colored arbitrarily 
to solve the CSC problem. To improve upon the logic generated, Ykman- 
Couvreur and Lin restricted the coloring such that the new state signals are 
only inserted into excitation and switching regions [412, 4131. The insertion 
points described here are a generalization of this idea. Cortadella et al. gener- 
alized the idea further, expanding the set of possible insertion points [93]. A 
quite different approach taken to solving the CSC problem is taken by Lavagno 
et al. [223]. In this work, the state graph is converted to an FSM, and tra- 
ditional FSM critical race free state assignment approach is taken. Another 
approach proposed by Gu and Puri first decomposes the STG specification of 
the circuit into manageable piece, and it then applies Boolean satisfiability to 
find a solution for each of the smaller subgraphs [157]. 

Most early speed-independent design approaches required complex atomic 
gates as well as several of the more recent design methodologies proposed 
by Chu [83], Meng et al. [268], and Vanbekbergen [389, 3901. A speed- 
independent design method which targets three-valued logic can be found 
in [405]. Martin’s speed-independent design methodology was the first to 
utilize generalized C-elements [249, 2541. The first work to synthesize speed- 
independent circuits using only basic gates (NANDs and NORs) was done 
by Varshavsky and his students [393]. Th is work, however, produced rather 
inefficient circuits and was limited to circuits without choice. Adding the 
C-element to the list of basic gates, Beerel and Meng developed conditions 
for correct standard C-implementations [25]. Similar conditions with some 
generalizations were later presented by Kondratyev et al. [210]. Quite a dif- 
ferent approach is taken by Sawasaki et al. which uses hazardous set and reset 
logic but uses a special flip-flop rather than a C-element to filter the hazards, 
keeping the outputs hazard-free [339]. The single-cube algorithm described in 
Section 6.3.4 was developed by Myers [283]. A comparison of this algorithm to 
the more general algorithm appears in [29]. The theory in Section 6.3.3 comes 
from this paper. A method that uses BDDs to find all possible correct covers 
is presented in [377]. A synthesis technique that assigned don’t cares in such a 
way as to ensure initializability is given in [73]. Several researchers have devel- 
oped methods to synthesize gate-level hazard-free speed-independent circuits 
directly from a STG [185, 187, 235, 305, 3501. Th is avoids the state explosion 
inherent in SG-based synthesis methods. 

The decomposition problem was first discussed by Kimura, who called these 
decompositions, extensions [ 197, 1981. A n extension is called a good extension 
if its behavior ignoring the new signals produces exactly the same allowed se- 
quences as the original. In particular, Kimura investigated the effect of adding 
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buffers into a wire and stated that a circuit suffers the delay problem of the 
first lcind when adding buffers to wires that have delay results in a bad exten- 
sion [197]. In [198] h e introduced delay problems of the second kind, in which 
the circuit is no longer partially semi-modular with respect to the original 
signals, and the third kind, in which the circuit is not totally semi-modular. 
The work by Varshavsky and his students developed methods to decompose 
logic, but as mentioned earlier, they were limited in their utility and often 
produced inefficient circuits [393]. Lavagno et al. leveraged synchronous tech- 
nology mapping methods by producing a circuit that is hazard-free using the 
atomic gate assumption, but then added delay elements to remove hazards 
introduced by decomposition [221, 222, 2251. Siegel and De Micheli developed 
conditions in which high-fanin AND gates in a standard C-implementation can 
be decomposed [351, 3531. Myers et al. introduced an approach to breaking up 
high-fanin gC gates using a method of decomposition and resynthesis [284]. 
Perhaps one of the most important works in this area is Burns’s method which 
utilizes implicit methods to explore large families of potential decompositions 
of a generalized C-element implementation [66]. Recent work by Cortadella et 
al. and Kondratyev et al. has built upon this approach to allow for a greater 
range of potential decompositions [92, 2091. The discussion in Section 6.4 was 
inspired by Krieger’s insertion point idea [211] and recent work by Burns and 
others. 

Problems 

6.1 Speed Independence 
For the SG shown in Figure 6.24(a), find its corresponding partial order of 
equivalence classes. A property is said to hold in a state if it holds in all states 
that follow it. For each state in the SG, determine which of the following 
properties hold: 

1. Speed independence 

2. Semi-modularity 

3. Distributivity 

4. Totally sequential 

6.2 Complete State Coding 
For the STG in Figure 6.24(b), find the state graph and then find all state 
pairs which violate complete state coding. Solve the CSC violations by adding 
a new state variable. Show the new state graph. 

6.3 Hazard-Free Logic Synthesis 
From the SG in Figure 6.25, find a hazard-free logic implementation for the 
output signals x, d, and c using the: 

6.3.1. Atomic gate approach. 



252 MULL ER CIRCUITS 

( ) a 

Q 
0 
J 

a- 

a+ 

I 
c+ 

I 
b+ 

b- 

(b) 
Fig. 6.24 (a) SG for Problem 6.1. (b) STG for Problem 6.2. 

6.3.2. Generalized C-element approach (use the single-cube algorithm). 

6.3.3. Standard C-element approach (use the single-cube algorithm) . 

6.4 Exceptions 
From the SG shown in Figure 6.26 for the output signals ~2, al, and x: 

6.4.1. Find the excitation cubes and trigger cubes. 

6.4.2. Use the single-cube algorithm to find a standard C-implementation, 
if possible. If  not possible, explain why not. 

6.4.3. Use the more general algorithm to find a multicube cover for the 
unimplemented signals from 6.4.2. 

6.5 Speed-Independent Design 
Perform the following on the VHDL in Figure 6.27. 

6.5.1. Assuming that all signals are initially low, find the state graph. 

6.5.2. Find all state pairs which violate complete state coding. 

6.5.3. Solve the CSC violations by using reshuffling. Show the new state 
graph. 

6.5.4. Solve the CSC violations by adding a new state variable q. Show 
the new state graph. 

6.5.5. Use Boolean minimization to find the circuit from either of the 
solutions above. 

6.5.6. Find the circuit from your reshuffled and state variable solutions 
using a generalized C-element implementation technique. Comment on which 
is best and why. 
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Fig. 6.25 SG for Problem 6.3. 
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r2+ 

Fig. 6.26 SG for Problem 6.4. 
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library ieee ; 
use ieee.std-logic-1164.all; 
use work.nondeterminism. all; 
use work.handshake. all; 
entity p6 is 
end entity ; 
architecture hse of p6 is 

signal ai,bi,x:std-logic; -3 in 
signal ao,bo:std-logic; 

begin 
main : process 
begin 

guard(ai,'l'); 
if (x = '1') then 

assign(ao,'l',l,2); 
guard(ai,'O'); 
assign(ao,'OJ,l,2); 

else 
assign(bo,'l',l,2); 
guard(bi,'l'); 
assign(bo,'0',1,2); 
guard(bi,'O'); 
assign(ao,'lJ,l,2); 
guard(ai,'O'); 
assign(ao,'0',1,2); 

end if; 
end process ; 
ai : process 

variable z:integer; 
begin 

z:=selection(2); 
if (z=l> then 

assign(x,'l',l,2); 
assign(ai,'lJ,l,2); 
guard(ao,'l'); 
assign(ai,'0',1,2); 
assign(x,'OJ,l,2); 
guard(ao,'O'); 

else 
assign(ai,'l',l,2); 
guard(ao,'l'); 
assign(ai,'0',1,2); 
guard(ao,'O'); 

end if; 
end process ; bi : process 
begin 

guard(bo,'l'); 
assign(bi,'l',l,2); 
guard(bo,'O'); 
assign(bi,'0',1,2); 

end process ; 
end hse; 

Fig. 6.27 VHDL for Problem 6.5. 
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6.6 Standard C-Implementation 
Find a standard C-implementation for the circuit specified in Figure 6.28. 

6.7 Hazard-Eree Decomposition 
For the state graph shown in Figure 6.29 and output signals lo, TO, and ST: 

6.7.1. Find a gC implementation using the single-cube algorithm. 
6.7.2. Use the insertion point method to decompose any gates which have 

a fanin greater than two. 
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library ieee ; 
use ieee.stdlogicAl64.all; 
use work.nondeterminism.all; 
use work.handshake. all; 
entity p6 is 
end entity; 
architecture hse of p6 is 

signal ai:std-logic; --@ in 
signal bi:std-logic; --@I in 
signal x:std-logic; --Q in 
signal ao:std-logic; 
signal bo:std-logic; 

begin 
main : process 
begin 

guard(ai,'l'); 
if (x = '1') then 

assign(ao,'l',l,2); 
guard(ai,'O'); 
assign(ao,'0',1,2); 

else 
assign(bo,'l',l,2); 
guard(bi,'l'); 
assign(ao,'l',l,2); 
assign(bo,'0',1,2); 
guardand(bi,'O',ai,'O'); 
assign(ao,'0',1,2); 

end if; 
end process ; 
ai : process 

variable z:integer; 
begin 

z:=selection(2); 
if (z=l) then 

assign(x,'l',l,2); 
assign(ai,'l',l,2); 
guard(ao,'l'); 
assign(x,'0',1,2); 
assign(ai,'0',1,2); 
guard(ao,'O'); 

else 
assign(ai,'l',l,2); 
guard(ao,'l'); 
assign(ai,'0',1,2); 
guard(ao,'O'); 

end if; 
end process ; bi : process 
begin 

guard(bo,'l'); 
assign(bi,'l',l,2); 
guard(bo,'O'); 
assign(bi,'0',1,2); 

end process ; 
end hse; 

Fig. 6.28 VHDL for Problem 6.6. 
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Fig. 6.29 SG for Problem 6.7. 


